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Abstract. Let M be a fibered 3-manifold with multiple boundary 
components. We show that the fiber structure of M can be perturbed 
to yield transversely oriented taut foliations realizing all rational multi- 
slopes in some open neighborhood of the multislope of the fiber. 



1. Introduction 

A (codimension-1) foliation J 7 of a 3-manifold M is a disjoint union of 
injectively immersed 2-manifolds (called leaves) such that (M, J 7 ) looks 
locally like (M 3 ,IR 2 x I). For a precise definition see for example 0~4]|. 
Every 3-manifold has a foliation |fl4ll29ll ; however the foliations obtained 
from this general construction have torus leaves that bound a solid torus 
foliated by planes. Such a solid torus is called a Reeb component [|23l . As 
every 3-manifold has such a foliation, it is necessary to look for foliations 
without Reeb components in order to attribute topological properties to the 
manifold. Taut foliations provide an important class of foliations without 
Reeb components. A taut foliation is a codimension-1 foliation of a 3- 
manifold for which there exists a closed curve that transversely intersects 
each leaf of the foliation. Taut foliations have been extensively studied by 
Thurston |27l and Gabai (fl . 

The existence of a taut foliation in a closed orientable 3-manifold has im- 
portant topological consequences for the manifold. For example, if M is a 
closed, orientable 3-manifold that has a taut foliation with no sphere leaves 
then M is covered by IR 3 [fl9l , M is irreducible ll25l and has an infinite 
fundamental group [0. In fact, its fundamental group acts nontrivially on 
interesting 1 -dimensional objects (see, for example, 11271 [Til and lfl~9l 12210 . 
Moreover, taut foliations can be perturbed to interesting contact structures 
j3l and hence can be used to obtain Heegaard-Floer information lfT8l . 

Thurston ll2~6ll gave a way to represent fibers of a fibration of M over S 1 
as lattice points in the Thurston norm unit ball. This focused attention on 
the study of fibrations of M that are near a given fibration. Roberts 112011211 
perturbed fibrations in a compact 3-manifold with one boundary component 
to taut foliations that are 'nearby' in terms of their boundary behaviours. 
This construction was used by Honda, Kazez and Matic [fTOl to prove that a 

l 



2 



TEJAS KALELKAR AND RACHEL ROBERTS 



large class of contact structures are not only tight, but symplectically semi- 
fillable. 

We extend Roberts' theorem ll20ll for compact fibered 3 -manifolds with 
one boundary component to the multiple boundary component case. 

Definition 1.1. Let F be a compact oriented surface of positive genus and 
with nonempty boundary consisting of k components. Let h be an orienta- 
tion preserving homeomorphism of F which fixes each boundary compo- 
nent pointwise. Let M = F X I/(x, 1) ~ (h(x), 0) and denote the k (toral) 
boundary components of dM by T 1 , T 2 , T k . 

We use the given surface bundle structure on M to fix a coordinate system 
on each of the boundary tori as follows. (See, for example, Section 9.G of 
ll24ll for a definition and description of coordinate system.) For each j we 
choose as longitude A J = OF D T\ with orientation inherited from the 
orientation of F. For each j, we then fix as meridian fij an oriented simple 
closed curve dual to Xj. Although, as described in I12D . it is possible to use 
the homeomorphism h to uniquely specify such simple closed curves fij, we 
choose not to do so in this paper as all theorem statements are independent 
of the choice of meridional multislope. 

We say a taut foliation F in M realizes boundary multislope (mP)j =1 if 
for each j, 1 < j < k, T fl T- 7 is a foliation of T- 7 of slope mi in the chosen 
coordinate system of T J . 

The main result we shall prove in this paper is the following: 

Theorem 1.2. Given an orientable, fibered compact 3 -manifold, afibration 
with fiber surface of positive genus can be perturbed to yield transversely 
oriented taut foliations realizing a neighborhood of rational boundary mul- 
tislopes about the boundary multislope of the fibration. 

As an immediate corollary for closed manifolds we therefore have: 

Corollary 1.3. Let Mir 3 ) be the closed manifold obtained from M by Dehn 
filling M along the multicurve with rational multislope (r J )^ =1 . When (r 7 ) 

is sufficiently close to the multislope of the fibration, M(r J ) also has a trans- 
versely oriented taut foliation. 

In a surface bundle with multiple boundaries, a priori there is no reason 
to suspect that perturbing the slope of the foliation on one boundary com- 
ponent would not alter boundary slopes on the other components. In other 
words, there is no reason to expect the various intervals of realizable bound- 
ary slopes about the slope of a fiber to be independent of each other. Our 
result obtains such intervals around the boundary multislope of the fiber. 
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Figure 3. Oriented spine to oriented branched surface 

2. Preliminaries 

In this section we introduce basic definitions and fix conventions used in 
the rest of the paper. 

2.1. Spines and Branched surfaces. 

Definition 2.1. A standard spine E is a space X locally modeled on one 
of the spaces of Figure[T| The critical locus of X is the 1 -complex of points 
of X where the spine is not locally a manifold. 

Definition 2.2. A branched surface ([28]; see also lfT6l [1710 is a space B 
locally modeled on the spaces of Figure [2} The branching locus L of B 
is the 1 -complex of points of B where B is not locally a manifold. The 
components of B \ L are called the sectors of B. The points where L is not 
locally a manifold are called double points of L. They correspond to points 
of intersection of three sectors of B. 

A standard spine X together with an orientation in a neighborhood of 
the critical locus determines a branched surface B in the sense illustrated in 
Figure [3} 

Example 2.3. Let F := F x {0} be a fiber of M = F x I/(x, 1) ~ 
(h(x), 0). Let ai, I < i < k, be pairwise disjoint, properly embedded arcs 
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Figure 4. A sink disk 



in Fo, and set Di = ati x I in M. Isotope the image arcs h(ai) as necessary 
so that the intersection (Uai) fl (U$/i(at)) is transverse and minimal. Assign 
an orientation to F and to each Di. Then X = F Uj -D^ is a transversely ori- 
ented spine. We will denote by £> =< F; Ui-Dj > the transversely oriented 
branched surface associated with X = F Uj Z?j. 

Similarly, (Uji^; U^Df) will denote the transversely oriented branched 
surface associated to the transversely oriented standard spine 

X = F UF 1 U...UF nr . 1 U itj D 3 i 

where Fj = Fx{«/n} and /H = a? x [-, — ] for some set of arcs a\ prop- 
erly embedded in F so that the intersection (U J «^_ 1 ) fl (Uj-o?) is transverse 
and minimal. 

Definition 2.4. A lamination carried by a branched surface B in M is a 
closed subset A of an J-fibered regular neighborhood N(B) of B, such that 
A is a disjoint union of injectively immersed 2-manifolds (called leaves) that 
intersect the /-fibers of N(B) transversely. 

2.2. Laminar branched surfaces. In lfT2l [T3l . Li introduces the funda- 
mental notions of sink disk and half sink disk. 

Definition 2.5. lfT2l [T3l Let B be a branched surface in a 3 -manifold M. 
Let L be the branching locus of B and let X denote the union of double 
points of L. Associate to each component of L \ X a vector (in B) pointing 
in the direction of the cusp. A sink disk is a disk branch sector D of B for 
which the branch direction of each component of (L\X) C\D points into D. 
A half sink disk is a sink disk which has nonempty intersection with dM. 

Sink disks and half sink disks play a key role in Li's notion of laminar 
branched surface. 

Definition 2.6. (Definition 1.3, [[T2l) Let D\ and D 2 be the two disk com- 
ponents of the horizontal boundary of a D 2 x / region in M\int(N(B)). If 
the projection n : N(B) — > B restricted to the interior of D\ U D 2 is injec- 
tive, i.e, the intersection of any /-fiber of N(B) with int(Di) U int(D 2 ) is 



TAUT FOLIATIONS IN SURFACE BUNDLES WITH MULTIPLE PUNCTURES 5 

either empty or a single point, then we say that n(Di U D 2 ) forms a trivial 
bubble in B. 

Definition 2.7. (Definition 1.4, Ifl2l0 A branched surface B in a closed 3- 
manifold M is called a laminar branched surface if it satisfies the following 
conditions: 

(1) dhN(B) is incompressible in M \ int(N(B)), no component of 
dhN(B) is a sphere and M \ B is irreducible. 

(2) There is no monogon in M \ int(N(B)); i.e., no disk D C M \ 
int(N(B)) with dD = D n N(B) = a U /?, where a C 9 W JV(S) is 
in an interval fiber of d v N(B) and /3 C d h N(B) 

(3) There is no Reeb component; i.e., B does not carry a torus that 
bounds a solid torus in M. 

(4) B has no trivial bubbles. 

(5) B has no sink disk or half sink disk. 

Gabai and Oertel introduced essential branched surfaces in and proved 
that any lamination fully carried by an essential branched surface is an es- 
sential lamination and conversely any essential lamination is fully carried 
by an essential branched surface. In practice, to check if a manifold has 
an essential lamination, the tricky part often is to verify that a candidate 
branched surface does in fact fully carry a lamination. Li [fl2l uses laminar 
branched surfaces to relax this requirement and prove the following: 

Theorem 2.8. (Theorem 1, [12]) Suppose M is a closed and orientable 
3-manifold. Then 

(a) Every laminar branched surface in M fully carries an essential lam- 
ination. 

(b) Any essential lamination in M that is not a lamination by planes is 
fully carried by a laminar branched surface. 

In lfT3~l . Li notices that if a branched surface has no half sink disk, then 
it can be arbitrarily split in a neighborhood of its boundary train track with- 
out introducing any sink disk (or half sink disk). He is therefore able to 
conclude the following. 

Theorem 2.9. (Theorem 2.2, |[T3l ) Let M be an irreducible and orientable 
3-manifold whose boundary is a union of incompressible tori. Suppose B 
is a laminar branched surface and DM \ dB is a union of bigons. Then, 
for any multislope (si, Sk) G (Q U {oo}) k that can be realized by the 
train track dB, if B does not carry a torus that bounds a solid torus in 
M(s\, Sk), then B fully carries a lamination \( Sl ,..., Sk ) whose boundary 
consists of the multislope (si, s*.) and X( sl ,..., Sk ) can be extended to an 
essential lamination in M(si, Sfc). 
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Figure 5. A Parallel tuple (a 1 ) on the surface F 



We note that in lfl"3~1l . Li states Theorem 2.2 only for the case that dM 
is connected. However, as Li has observed and is easily seen, his proof 
extends immediately to the case that dM consists of multiple toral boundary 
components. Key is the fact that splitting B open, to a branched surface B' 
say, in a neighborhood of its boundary so that dB' consists of multislopes 
(si, Sk), does not introduce sink disks. Therefore, capping B' off to B' 
yields a laminar branched surface in M(s\, s*.). 

2.3. Good oriented sequence of arcs. In this section we introduce some 
definitions that will be used in the rest of the paper. 

Definition 2.10. Let (a 1 , a k ) be a tuple of pairwise disjoint simple arcs 
properly embedded in F with da^ C TK Such a tuple will be called par- 
allel if F \ {a 1 , a k } has k components, k — 1 of which are annuli {A 7 } 
with dA> D {a- 7 , and one of which is a surface S of genus g — 1 with 

OS D {a 1 , a k }. Furthermore all a J are oriented in parallel, i.e., the orienta- 
tion of dAi agrees with {— a\ a J+1 } and the orientation of dS agrees with 
{— a k , a 1 }. Note that, in particular, each a j is non-separating. See Figure[5] 
for an example of a parallel tuple. 

Definition 2.11. A pair of tuples (a l )i=i,,,k and (/3-?) J=1 fc will be called 
good if both are parallel tuples and a 1 and ft have exactly one (interior) 
point of intersection when i ^ j while a 1 is disjoint from ft when i = j. 
A sequence of parallel tuples 

a = ((al,al, ...,a Q ), (a\,af, ...,a 1 ), (a£, a£, — ,aj) 

also shortened to 

(K),K),...,K)) 

or 

(«o) ^ K) 

will be called ^ooJ if for each fixed j, < j < k, the pair ((c^), (c^ +1 )) is 
good. 
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Figure 6 . A pair of arcs (a, P) in position (a) is called neg- 
atively oriented, while a pair (a, P) in position (b) is called 
positively oriented 



Definition 2.12. We say a good pair ((a- 7 ), (P j )) is positively oriented if 
for each j G {1, fc} a neighborhood of the j-th boundary component in 
F is as shown in Figure [6] (b). Similarly we say a good pair ((a j ), (P j )) 
is negatively oriented if for each j G {1, ...,k} a neighborhood of the j-th 
boundary component in F is as shown in Fig [6] (a). 

We say a good sequence cr = ((oq), (of), (a£)) is positively ori- 
ented if each pair ((af), is positively oriented. Similarly we say 
<j = ((a{), (c4), is negatively oriented if each pair ((af ), (c^ +1 )) 
is negatively oriented. We say the sequence a is oriented if it is positively 
or negatively oriented. See Figure [7]for an example of a negatively oriented 
good pair in F. 



2.4. Preferred generators. Let 

= {771,772, ••■,7/2 9 -2+fc,, 712,724, 746, 768, • • • , 72< ? -4,2< ? -2 , P , Pi , $2 , /? ff -l, #1, #2, -, fa-l} 

be the curves on F as shown in Figure [8] Then combining Proposition 1 
and Theorem 1 of Gervais [8] the mapping class group MCG(F, OF) of F 
(fixing boundary) is generated by Dehn twists about curves in % 9 ,k- 

Theorem (Gervais). The mapping class group MCG(F, dF) of F is gen- 
erated by Dehn twists about the curves in T-L g ^- 

As Dehn twists about Si are isotopic to the identity via an isotopy that 
does not fix the boundary, we have the following obvious corollary: 

Corollary 2.13. The mapping class group MCG(F) of F (not fixing the 
boundary pointwise) is generated by Dehn twists about the curves in 
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Figure 7. Neighborhood of F with a good negatively ori- 
ented pair ((c^ ), (ft)) in the oriented spine X 



3. Main Theorem 

Definition 3.1. Let (a 1 , a k ) be a parallel tuple in F. Orient F so that 
the normal vector h induced by the orientation of M points in the direction 
of increasing t G [0, 1]. Let = ot 1 x [0, 1] in Mh with the orientation 
induced by orientations of and F; i.e., if is tangent to ct> then (v \ h) 
gives the orientation of DK Let X = F Uj -D J be an oriented standard 
spine and B a =< F; LijD^ > the transversely oriented branched surface 
associated with X. 

Notice that the multislope of the fibration is 0. In order to prove Theorem 



1.2 we shall prove the following: 



Theorem 3.2. There is an open neighborhood UofO G M. k such that for 
each point (m 1 , ...,m k ) G U D Q k , there exists a lamination carried by B a 
with boundary multislope (m- 7 ). These laminations extend to taut foliations 
which also intersect the boundary in foliations with multislope (m J ). 

This gives us the following corollary for closed manifolds. 

Corollary 3.3. Let M(r J ) denote the closed manifold obtained from M by a 
Dehn filling along a multicurve with rational multislope {r^) k =1 . For each 

tuple (r- 7 ) G U fl Q k , the closed manifold M(r J ) also has a transversely 
oriented taut foliation. 
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Figure 8 . Generators of the Mapping Class Group 



The proof of Theorem 3.2 is outlined below with details worked out in 
the mentioned lemmas. 



Proof. In Lemma 3.4 we shall show that there is a good positively oriented 



sequence (a J ) —> (h 1 (a J )), or equivalently from (h(a J n )) — > (a J n ). In 



Lemma 3.6 we shall show that whenever there exists such a positive se- 
quence there is a splitting of the branched surface B a to a branched surface 
B a that is laminar and that therefore carries laminations realizing every 
multislope in some open neighborhood of £ IR fc . And finally in Lemma 
lwe show that these laminations extend to taut foliations on all of M. □ 



Lemma 3.4. Let (a- 7 ) be a parallel tuple in F and let h £ Aut + (F). Then 
there is a good positively oriented sequence {aP) — > (h(a^)). 



Proof. By Corollary 2. 1 3| to Gervais' Theorem, h ~ h w fi rn -\...hih\ for 
twists hi about curves in T-C gk - Set h! = /i m /i m _i.../i 2 /ii, and notice that 

M h = M h ,. 

By changing the handle decomposition of F as necessary, we may as- 
sume that the parallel tuple ) is as shown in Figure [8} Let b denote the 
Dehn twist about (3 £ %' k . Notice that any hi in the factorization of h' is 
either b, b^ 1 , or a twist about a curve disjoint from all components of a? . 
Thus ((a j ), (hi(a j )) is either a good positive pair, a good negative pair, or 
a pair of equal tuples. 
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Now if ((V), ((3 3 )) is a good pair then so is ((h i (ce')), (hi((3 3 ))); there- 
fore each of the pairs 

{{a 3 ), (h m (a 3 )), ((h m (a 3 )), (h m h m -i(a 3 ))), ((h m h m „i(a 3 
h m - 2 (a J ))), ((h m h m -i...h 2 (a 3 )), (h m h m _ 1 ...h 2 hi(a 3 ) = h(a 3 ))) 
is either a good oriented pair or a pair of equal tuples. 

If at least one of the hi is b or b^ 1 then ignoring the equal tuples, we 
get a good oriented sequence ((a 3 ), (a{), (a^^), (a 3 n ) = h((a 3 ))) or 
(a 3 ) A (h(a 3 )) as required. The length of this sequence is equal to the 
number of times hi equals b or ft -1 , i.e, n = n + + n_, where n + is the sum 
of the positive powers of b in this expression of h' and n_ is the magnitude 
of the sum of negative powers of b. 

If none of the hi are Dehn twists about f3 then (a 3 ) = (h(a 3 )). In this 
case, a = ((a 3 ), (b(a 3 )), = (a 3 ))) is a good oriented sequence. 

If ((a 3 ), ((3 3 )) is a positively oriented good pair then ((a 3 ),(—/3 3 ), (—a 3 ), 
(P 3 )) is a negatively oriented good sequence. Performing n_ such substitu- 
tions we get a positively oriented good sequence (a 3 ) A (h(a 3 )). □ 

Definition 3.5. Let a = (h(a 3 n ) = Oq, a{, a£) be a good oriented 
sequence. Let F { = F x {^} for < i < n and let D\ = a\ x [-, for 
< % < n, in M ft . Let X = (U^) U (U^Z^) and orient Fj and £>f as in 
Definition 3.1 Define S CT =< UjFj; UijD 3 > as the associated branched 
surface. Figure [7] shows the neighborhood of F in X while Figure [9] shows 
a neighborhood of F in the associated branched surface. 

Lemma 3.6. Let o = (h(a 3 n ) = a J Q , a{, a 3 n _ 1 ,a 3 n ) be a good oriented 
sequence in F and B a the associated branched surface in M^. Then B a has 
no sink disk or half sink disk. 

Proof. As the sequence a is good and oriented for each fixed i, the tuple of 
arcs (al) is parallel and \a 3 n a^il = 8*, so a neighborhood of F { in B a is 
as shown in Figure |9j 

The sectors of B a consist of disks D\ = a>{ x [-, ^] and components 
of Fi \ {a 3 U tti_i}j=i...fc- As and Fj both have a co-orientation in the 
direction of increasing t for (x, t) G M/j, so for any orientation of D 3 , dD 3 
is the union of two arcs in dMh, together with one arc with the direction 
of the cusp pointing into the disk and one arc with the direction of the cusp 
pointing outwards. Similarly, as a{ and a{ +1 are oriented in parallel, each 
disk component of Fi \ {a 3 , a^_ 1 }j = i.../ c has a boundary arc with cusp di- 
rection pointing outwards. Therefore no branch sector in B a is a sink disk 
or a half sink disk. □ 

Remark 3.7. Notice that B a =< UjFj; UijD 3 > is a splitting (see El) 
of the original branched surface B a =< F; UjD 3 > and, equivalently, B a 
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Figure 9. Neighborhood of one of the fibres in the 
branched surface B. 



collapses to B a . So in particular, laminations carried by B a are also carried 
by B a . 

Now consider the train tracks r J = B a fl T'-> . Focus on one of the tK 
For some choice of meridian /!q. Recall that we fixed a coordinate system 
(A J , yU- 7 ) on TK For simplicity of exposition, we now make a second choice 
/ig of meridian. This choice is dictated by the form of r J ; namely, we choose 
yUg to be disjoint from the disks D\ so that r J has the form shown in Fig- 
ure [TOj Notice that there is a change of coordinates homeomorphism taking 



slopes in terms to the coordinate system (A J , /Xq) to slopes in terms of the 
coordinate system (A J , fjp). Since A J is unchanged, this homeomorphism 
takes an open interval about to an open interval about 0. Assign to r J the 
measure determined by weights x, y shown in Figure [TOj In terms of the 



coordinate system (X j ,fi J ), r j carries all slopes realizable by 

x - y 
n(l + y) 
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for some x, y > 0. Therefore, in terms of the coordinate system (A J , /Xq), r j 
carries all slopes in (— -, oo). Converting to the coordinate system (A- 5 , fjp), 
r- 7 carries all slopes in some open neighborhood of 0. Repeat for all j. By 
Theorem 2.9, we see that the branched surface B a carries laminations \ x ,y) 
realizing multislopes (^=|y, ^f=gy, ^Jy) for any strictly positive 
values of Xi, ...,Xk,yi, :.,yk and hence realizing all (rational) multislopes 
in some open neighborhood of G 

Lemma 3.8. Suppose the weights x, y are distinct and have strictly positive 
coordinates. Then each lamination \x,y)> contains only noncompact leaves. 
Furthermore, each lamination Xi x ,y) extends to a taut foliation J-"{x,y), which 
realizes the same multislope. 

Proof. Suppose that Xf x ,y) contains a compact leaf L. Such a leaf deter- 
mines a transversely invariant measure on B given by counting intersections 
with L. 

Now focus on any i, j, where < i, j < n. By considering, for example, 
a simple closed curve in F; L parallel to the arc a\, we see that there is an 
oriented simple closed curve in Fj which intersects the branching locus of 
B a exactly k times that has orientation consistent with the branched locus. 
Since this is true for all possible i, j, it follows that the only transversely 
invariant measure B can support is the one with all weights on the branches 
Dj necessarily 0. But this means that X( x ,y) realizes multislope and hence 
that x = y. 
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The complementary regions to the lamination \ x ,y) are product regions. 
Filling these up with product fibrations, we get the required foliation F(x,y), 
which also has no compact leaves and is therefore taut. 

□ 
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